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WHY UNDERWATER CAUSTIC NETWORK APPEARS ON THE
VERTICAL WALLS?
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1 INTRODUCTION

Vivid network of "light threads" observable every sunny day at the bottom of the
pool or in the shallow water always attracts an attention of observer. The
phenomenon belongs to a large set of caustics and their networks which some of
them can be daily observed in coffee cups [1] and other reflecting and/ or refracting
surfaces [2,3]. The phenomenon is generally explained by the condensing effect of
curved wavy water surfaces, where parts of the waves are considered as
condensing lenses. Various books show geometrical construction of the light
condensation; however, they limit the construction to the depth which coincides
with the constructed focal points of the surfaces [4]. This explanation leaves a
careful observer and a curious reader unsatisfied, since a few questions remain
unanswered:
- Why are the light threads visible at the whole bottom of the pool, even if
the pool depth varies?
- Why are the light threads seen at the vertical walls, if condensation
appears only for certain focal distances?
- Why light threads tend to split?

Figure 1 (a) The caustic network in the shallow water. (b) The geometrical explanation of
the network [4].

In this contribution we suggest an activity - a geometrical construction of the
caustic, which appears due to the refraction on the water surface - appropriate for
younger and for mature students. The geometrical construction of light rays at
different positions explains the issues opened in questions above.
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2 ONE-SURFACE LENSES

The first two questions above can be answered by a simple hand shaking
reasoning. The wavy water surface can be considered as a network of cylindrical
lenses with one surface only (Fig. 2). A calculation shows that the focal length for
the incident light parallel to the optic axes is given by a simple relation

f=—"R. (1)

n-1

In equation (1) fis the focal point, n is the refraction index of water and R is the
radius of the surface curvature. The focal point depends on the local curvature R
which varies from point to point on the wavy water surface. As the water waves of
any shape always consist of convex and concave curvatures, the radius of
curvature has to change the sign. Therefore, the radius of curvature R varies from
the largest value at the highest point of the wave, where the curvature is the
largest, to the infinite value somewhere at the slope of the wave. The condensation
of light incident at different points at the wave appears at different depths due to
the increase of the curvature radius and consequently the increasing focal point.
The light thread can be seen at any depth larger than the focal length for the largest
curvature.

This reasoning is applicable only for light incident along the crest of the water
wave and for water surfaces where the amplitude of the wave is much smaller than
its wavelength. For incident angles in any other direction and for larger ratios of
amplitude vs. wavelength, the dependence of the focal point on the incident angle
has to be considered as well. The calculation is rather complex even for the
students of the higher secondary school. However, the geometrical construction
using the ruler and the protractor can reveal all the subtleties of the caustic
network phenomenon.
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Figure 2 (a) The focal point for the perpendicular incidence is straightforward. (b) The
radius of curvature changes from point to point and so does the incident angle. (c) The focal
point dependence on the incident angle is more complex.
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3 THE GEOMETRICAL CONSTRUCTION

The first prerequisite for the activity are preliminary observations. The caustic
network can be shown outside during the sunny day in any pool, the pictures of
the phenomenon can be taken to the classroom or the caustic network can be
shown by a simple experimental setup. One needs a container which is 20 to 30 cm
deep. The container is filled with the water and illuminated by an overhead
projector from above. The caustic network appears immediately if the water is
disturbed. Setting the vertical screen into the container, the caustic network on the
vertical wall can be observed. In addition, one can take digital photos, which reveal
number subtleties that cannot be observed due to the vivid changes of the caustic
network.

The second prerequisite is the familiarity of the students with the refraction.
Even if students are not familiar with the Snell's law due to the lack of the
trigonometrical knowledge, they should be familiar with the definition of the
surface normal, the incident and the refraction angle. The table of the refraction
angles for different incident angles can be given to the students in second case. The
students should be able to draw the geometrical presentation of light (the rays) for
any direction of surfaces and any known or calculated incident and refraction
angle of light.

For the geometrical construction one needs a larger paper with the drawn
shape of the water surface, the ruler (at least 30 cm) and the protractor. It is
desirable that the set of rays indicating the incident light (like in Figs. 2b and 3b) is
already drawn. The procedure follows the steps:

- Students place the ruler parallel to the curve indicating the water surface at
the points where the incident rays are marked.

- Students draw the relatively short straight line, which indicates the local
surface and draw the normal to it, which should continue across the wave
curve (Fig. 3a).

- They measure the approximate incident angle (Fig. 3a) and calculate or
read from the table the refraction angle.

- They draw the refracted continuation of the incident ray in the direction
defined by the angle of refraction (Fig. 3a).

The procedure has to be applied for every incident ray drawn. Therefore the
students should work in groups to avoid the activity becomes too long and boring.

After the picture is finished (Fig. 3b), the teacher discusses the relation
between the real illumination and the number of rays per distance (the ray density)
in the picture. In the regions where the ray density is approximately the same as
outside, also the illumination is the similar. In the regions where the ray density is
smaller, the illumination is weaker. The regions where the ray density is higher,
the illumination is larger and light threads can be recognized at intersections of the
line indicating the screen (the bottom, the wall) and the line connecting the regions
with increased ray density (white line in Fig. 4a) - the caustic.
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Figure 3 (a) Instructions for the geometrical construction (local surface definition, local
surface normal, incident angle « and refraction angle f). (b) The picture after all indicated
rays are drawn.

(@) (b)
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Figure 4 (a) Indicated caustic and its splitting (b) seen on the vertical wall of the pool.

Students than distinguish between the intersection of rays which incident on the
water surface closely and the occasional intersection of rays, incident on the water
surface well separated. Only the former give rise for the condensation of light and
the appearance of the caustic.
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Comparison of Fig. 1la, Fig. 4b and Fig. 4a reveals number of interesting
points, besides the caustic network at the bottom.

- The light threads occasionally split (Fig 1a). The region between the two
bright lines is brighter. The construction (Fig. 4a) clearly shows the
splitting, the condensation and the increased brightness.

- The light thread continues to the vertical wall (Fig. 4b). The criterion for
the condensation of light in the light thread is fulfilled for all depths larger
than the point where caustic starts.

- The light thread disappears when approaching the surface (Fig. 4b), which
is consistent with the structure of caustic (white line in Fig. 4a).

- Following the shape of the light thread on the vertical wall (Fig. 4b), the
splitting is seen, which is consistent with the geometrical construction (Fig.
4a).

At the last point the teacher should mention the exaggeration. If the
geometrically considered wave would have an amplitude wavelength ratio typical
for waves in the pool (Fig. 4b), the construction of rays (measurements of angles
etc.) would be difficult. The difference between the exaggerated picture (Fig. 4a)
and the real situation (Fig. 4b) is that the shape of the caustic is much elongated;
however it retains the same properties qualitatively. The inclination of the light
thread appears due to the incident angle of the sunlight in the morning, when the
picture was taken. The wavy surface contributes to the curly appearance of the
light thread on the vertical wall.

4 CONCLUSION

The phenomena related to everyday life are especially important for students'
motivation and for realization of importance of this school subject. If the studied
phenomenon is full of beauty, the motivation is even higher. The activity presented
in this contribution is related to the phenomenon which has both, students have
experiences and it is beautiful. The geometrical description of the light refracted on
the wavy surface enable younger and more mature students to understand the
phenomenon and the number of its subtleties. Even more, once experiencing the
activity, students could recognize a number of details with respect to the
phenomenon, which one in general does not realize - the caustics on the vertical
walls, the splitting of the light threads and the general spatial shape of the caustic.
The construction could be used for the caustic above the water, which appear due
to the reflection, as well as for construction of other commonly observed caustics
like the caustic in a coffee cup, the caustic in the wine glass and similar.
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