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Fig. 1c. Simulated runs for n = 180. 
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Each figure shows 12 randomly chosen runs with a) n = 10, b) n = 60 and c) n = 180 particles immersed 
in the liquid. Straight line represent the diffusion law (for n→ ∞). One recognizes that the length of 
observation time is not so important as the number of observed particles. For n ∼ 10 the range of linear 
dependence < r2 > versus t is difficult to determine at all. For quite short observation time as 7 s many 
runs don’t reveal the linear dependence and even if some of them do, their slopes differ from the 
theoretical value up to 50%. For n ∼ 60 the linear dependence < r2 > versus t for most runs is revealed 
for t < 20 s, but a good accordance with the theoretical value of the diffusion constant within 10% one 
can obtain for t < 10 s. It is not surprising therefore that experimental data for n = 5 particles (Fig. 2) 
does not support the Einstein – Smoluchowski law, i.e the linear dependence between <r2> and t.  
If n increases up to ∼ 200 the range of linear dependence also increases. For n = 180 the linear 
relationship approaches t = 40 s (see Fig 1c.).  
It is worth to notice that in student lab with the standard equipment it is virtually impossible to follow 
the trajectories of more than few particles in 2 hours sessions. 

III. Artificially Increased Statistics 
There may exist a ‘Life-belt’ for students who are not able to take data from more than n ~ 10 particles 
during one lab. We call it Artificially Increased Statistics (AIS). The main idea of  AIS is that the 
statistics is built initially from the data of the one particle trajectory. Its basic rules are shown in Fig. 3. 
For instance: if the observation time t = 30 s and the sampling time Δt = 0.3 s then one can obtain for 
one particle the following increased statistics: 
 

100 displacements  for t =  Δt = 0.3 s 

99 displacements for t = 2Δt = 0.6 s 

... ... 

   2 displacements for t = 99Δt = 29.7 s 

   1 displacement for t = 100Δt = 30.0 s 

 
Then this statistics is averaged over all n considered particles. Even if n is small (n ≤ 10) the overall 
number of displacements entering statistics is large enough to fulfil the linear dependence expectation. 
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This phenomenon is shown in Fig. 4 (data taken from the real experiment with water and glycerine). The 
comparison with plots in Fig 2. shows the significant improvement of the linear dependence law. 

Fig. 2. Plots < r2> versus time averaged for 5 particles. Samples of experimental data for latex spheres of 
diameter of 850 nm immersed in water and water solution of glycerine (taken from [4]). Numbers in 
parenthesis correspond to expected theoretical values 

<r2> = 0.76(0.81)t
R2 = 0.94

< r 2 > = 1.38 (2.01)t
R2 = 0.89

0

10

20

30

40

50

60

0 5 10 15 20 25

time (s)

< r
2  >

 (x
10

-1
2  m

2 )

0

5

10

15

20

25

30
0 5 10 15 20 25 30

z   water       η  = 1.00 ·10-3 Pa·s
� glycerine  η  = 2.50 ·10-3 Pa·s

 
 
 
 
 

Fig. 3. The basic idea of the AIS. The dots show a sequence positions of one particle. The blue lines 
represent displacements taken into account when calculating <r2> for t = Δt. The red lines correspond to 
displacements used to calculate <r2> for t = 2Δt and the green ones show displacements used to calculate 
<r2> for t = 3Δt , etc. 
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Fig 4. Plots < r2> versus time averaged for 5 particles after the AIS procedure for the data from Fig. 2. 
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